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^ Abstract. Let Sq be the Brown poset of nonidentity p-subgroups of the finite group G ordered by inclusion. 

Results of Bouc and Quillen show that Sq is homotopy equivalent to its subposets 5^^'^'''* of nonidentity 
I I radical p-subgroups and S^'^^^ of nonidentity elementary abelian p-subgroups. In this note we extend these 

results for the Brown poset of G to other categories of p-subgroups of G such as the p-fusion system of G. 

>>■ 1. Introduction 

m 

Let p be a prime number and G a finite group of order divisible by p. Let Sq denote the Brown poset 
of nonidentity p-subgroups of G, Sq'^'^^'^ the Bouc poset of nonidentity radical p-subgroups, and 5^°^^^ the 
Quillen poset of nonidentity elementary abelian p-subgroups. It was shown by Bouc [1] and by Quillen [16, 
Proposition 2.1] that the poset inclusions 

^ (1.1) Sl^+^^^^Sh 

" . I are homotopy equivalences. In this note we consider similar inclusions between other categories of p-subgroups 

^ of G. The list of categories that we deal with can be found after the following theorem summarizing our 

main results. 

5-^ Theorem 1.2. The following inclusion functors 

(a) S*Q+""^ ^ S^, ^ ^sfc^ 5*^+oab ^ 

(b) Ta+'^'^ ^ T^, r^f=+>-^d ^ j-sic^ -^^+cab ^ 

(c) jr*+<=ab ^ jr* 

(d) O'^"^ Oq, 0*+''"^ O}., og'^+'-^d ^ 0sfc 

(e) J^«fc+>-ad ^ _^sfc^ _^*+cab ^ ^* 

(f) r'^f^+'-ad ^ O"^^, £^+<=^>^ ^ c*a 
are homotopy equivalences. 

The categories that we consider in Theorem 1.2 are 
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Sq-. the poset of of all p-subgroups of G ordered by inclusion 

Tq'. the transporter category of all p-subgroups of G 

Cq-. the linking category of of all p-subgroups G [3] 

J^Q-. the fusion or Frobenius category of all p-subgroups of G [14, 4] 

OqI the orbit category of all p-subgroups of G 

Fq-. the exterior quotient of the Frobenius category Tq [14, 1.3, 4.8] 
Also, for a fixed nonidentity p-subgroup P, we consider 

F: a Frobenius P-category over P [14, 4] 
the exterior quotient of F [14, 1.3, 4.8] 

C^^'^: the centric linking system associated to J- [4, 5] 
If C is any of these categories, then 

• C* is the full subcategory of C generated by all nonidentity p-subgroups 

• ^]-^g £^j-| subcategory of C generated by all nonidentity elementary ahelian p-subgroups 

• C^^'^ is the full subcategory of C generated by all self centralizing p-subgroups 

• (jsfc+rad -g ^Yic full Subcategory of C generated by all self centralizing radical p-subgroups 

where the terms self centralizing and radical are defined in Subsection 1.2. 

Definition 1.3. A functor C — > I? between categories C and V is a homotopy equivalence of categories if 
the induced map of classifying spaces BC — >■ BP is a homotopy equivalence of topological spaces. 

An equivalence of categories is a homotopy equivalence as is any left or right adjoint functor. 
The following, maybe somewhat unexpected, corollary follows immediately from items (c) and (c) of 
Theorem 1.2. 

Corollary 1.4. The quotient functor T* T* is a homotopy equivalence. 

The proofs of Theorem 1.2 and Corollary 1.4 are in Sections 5-9. Using Quillen's Theorem A (Theorem 3.1) 
and Bouc's theorem for El-categories (Theorem 3.3) to show that the inclusion functors of Theorem 1.2 are 
homotopy equivalences, we have to prove contractibility of certain slice and coslice subcategories (Defini- 
tion 2.2) of p-subgroup categories. Since we use Euler characteristics to help us in identifying these slices and 
coslices. Section 2 contains a short review of Euler characteristics for categories as defined by Leinster [12]. 
The reader, who wants a general impression of our method of proof, may take a glance at Section 5, where 
we re-establish the already known results that the inclusions of (1.1) are homotopy equivalences. 

We find it curious that somehow the combinatorics of the Frobenius category Tq is able to identify the 
elementary abelian subgroups so some of the group theory is remembered in an unexpected way. Likewise, 
the orbit category Oq is able to identify the G-radical and the cyclic subgroups. Finally, the exterior quotient 
T^'^'^ of an abstract Frobenius category T is able to identify the J^-radical subgroups. 

1.1. Subgroup categories. This subsection contains precise definitions of the p-subgroup categories occur- 
ring in this paper. By convention, maps act on elements from the right, and composition of morphisms is 
written in diagrammatic order. Likewise, functors act on categories from the right. 
If a and h are objects in a category C, 

• C(a, 5) is the set of C- morphisms with domain a and codomain 6 

• C(a) is the monoid of C-endomorphisms of a 

The poset Sq is the set of all p-subgroups of G ordered by inclusion. In other words, Sq is the category 
whose objects are all p-subgroups of G with one morphism H K whenever H < K and no morphisms 
otherwise. The objects of the finite categories Tq, Cq, Tq, J-q, and Oq are again all p-subgroups of G. For 
any two p-subgroups, H and K, of G, the morphism sets are 

Tq{H,K) = Nq{H,K) Cq{H,K) = OpGq{H)\Nq(H,K) 

Tq{H,K) = Cg{H)\Nq{H,K) Oq{H,K) = Nq{H,K)/K 

Tq{H,K) - Cg{H)\Nq{H,K)/K 

Here Nq{H,K) ~ {g € G \ < K} denotes the transporter set. Composition in any of these categories 
is induced from group multiplication in G. The morphisms in Tq{H,K) are restrictions to H of inner 
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automorphisms of G, J-q{H,K) — llomQ{H, K), morphisms in Og{H,K) are right G-maps H\G K\G^, 
and morphisms in J-q{H,K) are iC-conjugacy classes of restrictions to H of inner automorphisms of G, 
J-q{H,K) = Tq{H, K) /lnn{K) — Homg(_ff, _ft')/Inn(i^). The automorphism groups in these categories of 
the p-subgroup H of G are 

Sg{H) = 1, Tg{H) = Ng{H), C.g{H) = OpCg{H)\Ng{H), 

Fg{H) = Cg{H)\Ng{H), Og{H) = Ng{H)/H, ^^{H) - Cg{H)\Ng{H)/H, 

where O^Cg{H) is the smallest normal subgroup of Cg{H) of p-power index. The six categories Sq, Tg, 
^G, J'G, Og, and are related by a commutative diagram 

Scf- ^ Tg ^ 

\ \ 

Og ^^G 

of one faithful and five full functors. 

Fix a finite nonidentity p-group P. A Frobenius P-category or saturated fusion system over P is a category 
whose objects are the subgroups of P and whose morphisms satisfy a set of axioms [14, 4] that distill the 
properties of the Frobenius categories Fq coming from a group G. There are examples of abstract Frobenius 
P-categories F that are exotic in the sense that there is no finite group G with Fq equivalent to F . The 
exterior quotient or orbit category of is the category whose objects are the subgroups of P and with 
morphism sets 

F{H,K)= F{H,K)/Fk{K) 
consisting of J^-morphisms up to inner automorphisms of the codomain. Composition in F induces compo- 
sition in its quotient category F . 

1.2. Selfcentralizing and radical subgroups. For ease of reference we state here the definitions of G- 
and J^-selfcentralizing and G- and J^-radical subgroups as these concepts are used throughout this paper. As 
usual, OpK is the greatest normal p-subgroup of the finite group K [9, Chp 6.3]. 

Definition 1.5. [14, 4.8.1] [4, Definition A. 3] [1, Proposition 4] The p- subgroup H of G is 

• G -selfcentralizing if the center Z{H) of H is a Sylow p-suhgroup of the centralizer Cg{H) of H; 

• G-radical if OpOq{H) — 1, or, equivalently, H = OpNg{H). 

Definition 1.6. [14, 4.8] [4, Definition A.9] An object H of F is 

• F -selfcentralizing if Cp{H^) < H"^ for every F -morphism (p G F{H,P) with domain H 

• F -radical if OpF{H) — 1 

Every G-selfcentralizing subgroup of G is nontrivial, and every J^-selfcentralizing subgroup of P is non- 
trivial. 

Let P be a Sylow p-subgroup of G and F the full subcategory of Fq with objects all subgroups of P. For 
every subgroup H of P 

H is J^-selfcentralizing H is G-selfcentralizing 

H is J^-selfcentralizing and J^-radical =4> H is G-radical 

and the second implication can not be reversed. 

According to Quillen [16, Proposition 2.4] we have that 

(1.7) S*j^ is noncontractible =^ OpK = 1 
for any finite group K. In the present context, this means that 

(1.8) ^Ofj{H) is noncontractible =4> H is G-radical 

(1.9) S%,„. is noncontractible => H is J^-radical 

-'^ Define a product H\G X Nc(H, K)/K —>■ K\G by Hg ■ xK = Kx~^g. This product is well-defined because Hhg ■ xkK = 
Kk~^x~^hg = Kx~^hg = Kh'^x'^g = Kx~^g = Hg ■ xK when h £ H, x £ Na(H,K), k £ K. Right multipUkation with xK 
is clearly a right G-map H\G -s> K\G. If ?/ £ Ng(K, L) then xy e Ng{H, L) and (Hg ■ xK) ■ yL = Kx'^g ■ yL = Ly'^x'^g = 
L{xy)-^g = Hg ■ (xyL). 
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Properties (1.8) and (1.9) will be very important in the proof of Theorem 1.2. (Quillen conjectures in [16, 
Conjecture 2.9] that the reverse implication of (1.7) is true. If Quillen's conjecture holds, then also the reverse 
implications of (1.8) and (1.9) are true.) 

2. Weightings and and coweightings for E1-categories 

Let C be a finite category and [C] the set of isomorphism classes of its objects. In this section we show 
that we can use strict coslice categories to define weightings in the sense of Leinster [12]. 

Definition 2.1. [12, Definitions 1.10, 2.2] A weighting for C is a function k' : Ob(C) Q so that 

VaeOb(C): ^ |C(a, 5)|/c^ = 1 
feeob(c) 

and a coweighting forC is a function : Ob(C) — ?■ Q so that 

V&eOb(C): J2 ka\C{a,b)\^l 

aeOb(C) 

If C has both a weighting and a coweighting, then the rational number 

E ^C=X(C)= E fc^ 

aeOb(C) fceOb(C) 

is the Euler characteristic of C . The reduced Euler characteristic of C is x(C) = x(C) — 1. '^^ 

A general finite category may not admit a weighting or a coweighting or it may have several weightings or 
coweightings and in that case the Euler characteristic is independent of the choice of weighting or coweighting. 

Definition 2.2 (Coslice and slice categories). Let C he a category, A a full subcategory, andx, y objects of 
C. ai 

• x/Ais the category of C -morphisms from x to an object of A (the coslice of A under x) \. ^// 

• A/y is the category of C -morphisms from an object of A to y (the slice of A overy) x 

• x/ 1 A is the full subcategory of x/A with objects all nonisomorphisms from x to an object of A. ^ 

• Ally is the full subcategory of Aly with objects all nonisomorphisms from an object of A to y 
We write 

supp(»/y^) = {x G Ob(C) I xIA is noncontractible} supp(^/») = G Ob(C) | Aly is noncontractible} 

supp(»//^) = e Ob(C) I xllA is noncontractible} supp(v4//») — {y G Ob(C) | Ally is noncontractible} 

for the supports of the coslice functors 'I A, •/ 1 A : C°p CAT and slice functors AI',AI I': C — >■ CAT. 

The notation AI I* and •IIA is taken from [10, p 269]. 

Lemma 2.3. Let C be any finite category admitting a weighting k* : Ob(C) — > Q. Let a be any object of C . 
The function 

K/c = fcc°'^*^ ■■ ob(«/c) ^ Q, Kf = kl , 

is a weighting for the coslice alC of C under a. 

Proof. The set of objects of a/C, which is the set of C-morphisms with domain a, is partitioned 

(2.4) Ob(a/C)= W C{a,b) 

beOb(C) 

according to codomains. Also, for any C-morphism G C(a, b) with codomain b and any C-object c, the set 
of C-morphisms from 6 to c is partitioned 

(2.5) C(5,c)= [] {alC)iip,ij) 

4>eC(a,c) 

into a/C-morphism sets with domain if. The computation 

E |a/C(v.,V)|fcr'''^^'=='^ E E WICMMkc"^''^^"^^ E |C(cod(^),6)|fc^=l 

V'eOb(a/C) beOh{C) iieC{a,b) beOb(C) 
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shows that the function fc™'^'-*-' is a weighting on a/C. □ 

Here is a variation [11, 2.4] of Definition 2.1. For any object a of C, write [a] e [C] for the set of objects 
isomorphic to a. Viewing [C] as a skeletal category, the matrix for [C] is the quadratic (|[C]| x |[C]|)-matrix 
with entries [C]([a], [b]) = \C{a,b)\, [a], [b] £ [C]. A weighting for [C] is a function fc'^j : [C] — >■ Q so that 

V[a]e[C]: |C]([a],[6])|fc[^i =1 

imc] 

\C] 

and a coweighting for [C] is a function kl : [C] — > Q so that 

V[6]e[C]: ^ fcg[C]([a],[6])| = l 

He[c] 

The category C has a weighting k' if and only its set of isomorphism classes of objects [C] has a weighting 
fcpj. The relation between the two weightings are 

^[c] = E fcc = l[&]r'fc[cV ^ e Ob(C), [b] e [C] 

Similarly, C has a coweighting if and only if [C] has a coweighting. This construction in fact provides a bijection 
between (co)weightings for C that are constant on isomorphism classes of objects and (co)weightings for [C]. 

An ETcategory is a category where all endomorphisms arc isomorphisms (automorphisms). Because the 
matrix for [C] can be arranged to be upper triangular with positive diagonal entries, any finite ETcategory 
C has a unique weighting and a unique coweighting that are constant on isomorphism classes of objects [12, 
Lemma 1.3, Theorem 1.4, Lemma 1.12]. 

A full subcategory I of a category C is a left ideal if any C-morphism whose domain is an object of I is 
an I-morphism. For instance, if C is an ETcategory and a an object of C then a/ /C is a left ideal in a/C by 
[12, Lemma 1.3]. 

Theorem 2.6. Let C be a finite TSl- category, and let k' and fc, be the weighting and the coweighting on C 
that are constant on isomorphism classes of objects of C . Then 

M\\C{a)V - \[b]\\C{b)y -^beOHO, 

and the Euler characteristic of C is 

^ ~x{a//C) ^ -Xid/b) 



xic) - E 



^ |C(a)| " ^ \C(b)\ 

la]e[c] ' ^ ^' [b]e[c] ' ^ 

where the sums run over the set [C] of isomorphism classes of objects of C . 

Proof. We shall only prove the statement about the weighting since the statement about the coweighting is 
entirely dual. Since C is a finite El-category, the coslice categories a/C and a/ /C are also finite El-categories. 
Thus they admits weightings and coweightings. Since a/ /C is a left ideal in a/C, the weighting for a/C from 
Lemma 2.3 restricts to a weighting for a/ /C [11, Remark 2.6]. The category a/C has an initial element, so it 
is contractible and has Euler characteristic 1. Therefore 

1= E 4°"^^^ = \H\CiaWc+ E k^"^'^"^ = \mCiaWc+xia//C) 

tpeOh{a/C} tpeOh{a//C) 

because the weighting k* is assumed to be constant on the isomorphism class [a] of a. □ 



The rational functions 

,[a] _ -X{a//C) [C] _ -xiC//b) . . . . , 

fc[c]- ' - \c{b)\ ' MAb\&[Oh(C)\, 

are the weighting and the coweighting for [C], respectively. 

In case 5 is a poset, we sometimes write a<S, a<S, 5<;^, for a/S, a/ /S, S /b, S / /b, respectively. 
Using this notation, the last part of Theorem 2.6 takes the following form. 
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Corollary 2.7. The Euler characteristic of a finite poset S is the sum 

aeOb(5) beOb(5) 

of the opposite of the local reduced Euler characteristics. 

This reproduces a well-known result from the combinatorial theory of posets. 

3. HOMOTOPY EQUIVALENCES BETWEEN CATEGORIES 

The famous Quillen's Theorem A provides a sufficient criterion for a functor between two categories to be 
a homotopy equivalence. We quote here Quillen's Theorem A not in its full generality but for the special 
case of inclusions between categories. 

Theorem 3.1 (Quillen's Theorem A for categories). [15, Theorem A] Let C be a category and A a full 
subcategory. The inclusion A ^ C is a homotopy equivalence if either supp(»/y^) or supp(^/») is empty. 

We also quote a perhaps less well-known result of Bouc providing a sufficient condition for an inclusion of 
posets to be a homotopy equivalence. 

Theorem 3.2 (Bouc's theorem for posets). [1] Let S be a finite poset and A a suhposet. The inclusion 
A ^ S is a homotopy equivalence if either supp(»//5) or supp(5//») is contained in Ob (.4). 

In this section we generalize Bouc's theorem for poset inclusions to finite El-category inclusions. 

Theorem 3.3 (Bouc's theorem for finite ETcategories). LetC be a finite Fl-category and A a full subcategory 
that is closed under isomorphisms. The inclusion of A ^ C is a homotopy equivalence if either supp(»//C) 
or supp(C//») is contained in Oh{A). 

Proof. Assume that Ob(.4) contains the support supp(»//C) of the functor •//€. The claim is that the 
inclusion functor l: A C is a homotopy equivalence. It suffices to show that the coslice x/A oi A is 
contractible for every object x of C (Theorem 3.1). 

For any object a; of C define the height of x, ht(a;), to be the maximal length of any path 

Xq ^ Xi ^ ■ ■ ■ ^ Xh ~ X 

of nonisomorphisms in C terminating at x. The height of x is finite since there are no circuits in paths of 
nonisomorphisms [12, Lemma 1.3]. If there is a nonisomorphism from a;o to xi, then ht(xo) < ht(xi). Define 
ht(C) to be the maximal height of any object of C. 

Suppose that x is an object of C of maximal height, ht(C). Then x//C is the empty category because 
there is no nonisomorphism from x to any object of C. The empty category is not contractible, so x G 
supp(»//C) C Oh{A) is an object of A. Then x/A is contractible with the identity of x as an initial element. 

Let now x be any object of C such that the coslice y/A of A is contractible for all objects y of height 
greater than ht(a::). Then the functor 

x//l: x//A x//C 

is a homotopy equivalence by Theorem 3.1 because the category 

(x ^ y)/ix//L) = y/A 

is contractible for every object x y oi x/ /C. In case x is an object of A, x/A is contractible as before. In 
case X is not an object of A, x/A = x/ / A because there can be no isomorphism from x to an object of A as 
A is closed under isomorphisms. We now have 

x/A = x//A ~ x//C 

and x/ /C is contractible since x ^ supp(»//C). Thus x/A is also contractible. 

By finite downward induction on ht(a;) we see that x/A is contractible for all objects a; of C. □ 
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4. Subgroup categories for p-groups 

For any small category C and any set D C Ob(C) of objects of C, we let denote the full subcategory of 
C generated by the objects in the set D. For instance, ii H < K are p-subgroups of G, then f\^'^^ denotes 
the full subcategory of Fq with objects the set of all subgroups L of G for which H < L < K . 

In the following lemma we consider 
(IP) 

Sp ' : the poset of nonidentity and proper subgroups of P 

[1 p) 

Op ': the full subcategory of Op with objects all proper subgroups of P 

— (1 p) — 

Tp ' : the full subcategory of Tp with objects all nonidentity and proper subgroups of P 

for P a nonidentity p-group. We write ^ for the Mobius function of the poset Sp [18, §3.7], and we abbreviate 
K) to IJ,{K) for any subgroup K of P. 

Lemma 4.1. Let P be a nonidentity p-subgroup. Then 

(a) x(4''^^) - fiiP), xC^''""^) = tKP)\P ■■ Z{P)\-' - xiJ'^P^''^), and x{0^p''^) - p-' if P is cyclic and 

x{dp'^^) = 1 if P is noncyclic. 
fi P^ 

(b) Sp' is noncontractible -4=^ P is elementary abelian 

(c) Op'^' is homotopy equivalent to Oy'^' where V ~ P/^(P) is the Frattini quotient of P. 

(d) J-p'^^ is noncontractible P is elementary abelian 

Proof (a) It is weh known that x{Sp'^^) = x{^,P) = fJ.{P) [18, 3.8.5, 3.8.6] [11, 2.3]. The formulas for 

xi-^p '^^) ^nd x(C'p'^'') follow from [11, Remark 2.6, Example 3.7, Theorem 7.7, Theorem 4.1]: If is a 

~(i p] 

coweighting for Tp ' then 



\P:Z{P)\ 



— (1 Pi — (1 P) 

because xi^p ' ) is contractible, with P as final element, containing the right ideal xi^p ' )• Similarly, If 
is a coweighting for Op then 



l=x{Op) = x{0'p^') + kp^x{0^p'^^ 




- P is cyclic 
P is not cyclic 



[1 p) 

and the expression for the Euler characteristic of Op follows. 

(b) If P is elementary abelian, the poset iSp '^^ is noncontractible because its reduced Euler characteristic is 
nonzero according to (a). If P is not elementary abelian, the Frattini subgroup $(P) is nontrivial [9, Chp 5, 
Theorem 1.3]. There are adjoint functors 

<,(i,p)_L^<,[*(p),p)_^<,[i,p) 

Op ^ Op ^ Op 

Ii L 

where QL = Q^{P) and Qi? = Q for Q < P. Observe that Q ^ P =^ Q'^{P) $ P because the Frattini 

[1 p) 

subgroup is the group of nongenerators of P. The poset on the right, Sp' , is contractible with the trivial 

(1 p) 

group as an initial object. The poset on the left, Sp' , is therefore also contractible. Alternatively, the 

(1 p) 

natural transformations Q < Q^{P) > $(P), ^ < Q ^ P, define a homotopy from the identity of Sp ' to 
a constant map. 

(c) There are functors of categories 

.^[l,P) .^[*(P),P) U .^[l,P/$(P)) 

^P ^i-r^ ^P P/$(P) 

where R and L are adjoint functors and U is an isomorphism. The functors R and L are given by QL = Q^{P) 
and QR ^ Q for Q < P. The category in the middle, 0^p^^^'^\ is isomorphic to the category Cp/$'(p)^''''- 
To see this, observe that all supergroups of the Frattini subgroup ^{P), or just [P,P], are normal, so that 
Op{Qi,Q2) = P/Q2 = = Op/^(p)(0i/$(P),Q2/*(/')) when Qi and Q2 both contain 
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(d) If P is elementary abelian, then Tp = Sp and Tp''^^ = Sp''^\ is noncontractible by (b). If P is not 
elementary abelian, the Frattini subgroup $(P) is a nontrivial normal subgroup and so is its intersection 
with the center Z{P) of P [17, 5.2.1]. There are adjoint equivalences of categories 

?:(l,P) -Jl^ :^MP)nZ{P),P) -JL^ j:[l,P) 
R L 

~M p\ 

where QL — Q^{P) and QR = Q for Q ^ P. The category to the right, J-p' , is contractible because it 

— (1 p) 

has the trivial group as an initial object. The category to the left, Tp ' , is therefore also contractible. □ 

One might be led by Lemma 4.1. (a) to suspect that, for any nonidentity p-group P, 

[1 p) 

Op' is noncontractible =4> P is cyclic 

or, equivalently, for any nonidentity elementary abelian p-group 

Oy'^^ is noncontractible rank(V^) — 1 

To see that these two statements are equivalent, recall that the Frattini quotient of P is cyclic precisely when 
P itself is cyclic [9, Chp 5, Corollary 1.2] and use Lemma 4.1.(c). However, Example 4.2 demonstrates that 
these statements are false. 

Example 4.2. Let V — Cp be the elementary abelian p-group of rank r > 1. The objects of the category 
Oy'^'' are the proper subgroups of V, and the set of morphisms from H to K is 

I (/) otherwise 

with composition in this category induced from composition in the abelian group V. 

If the rank r = 1, then the category Oy'^^ — Oy^ is the cyclic group V, which is not contractible. 
Let us now explore the category O^'^'' in case where the rank r > 1. There is an obvious functor 

to the poset of proper subgroups of V. For any proper subgroup K of V, the 7r-slice over K is n/K = Oy'^^ . 



There is an adjunction 



^[iM]-^^{K}^ i?L4l^,^i, l^ii.K-j ^ Li?, 



where HL = K and KR = K. The functor R includes the full subcategory of Oy with K as its only object 
into the full subcategory of all subgroups of K. The functor L is the projection Oy{Hi, H2) — V/H2 — ^ 
V/K = Oy{K,K), Hi < H2 < K. Thus the category Oy''^' is homotopy equivalent to the category o\^^ 
which is the group V/K. The composite functor spectral sequence [8, pp 155-157] [7, Proof of Proposition 
2.3] 

(4.3) El^ = F^)) ^ F^) 

associated to the functor tt provides information about the homology groups of the category 0^y^\ Here, 
we write Hs(Sy'^''; HtiV/*)) for the sth left derived of the functor coMm. Htiy / •). In concrete terms, these 
groups are the homology groups of the normalized chain complex [13, Theorem VIII. 6.1] of the simplicial 
abelian group U* Ht{V/») [2, XII.5.5], 



0^ iJ,(y/L„)A HtiV/L,)^---^ H,{V/L,)'' 

0<Lo<V a<Lo<Li<V 0<Lq<Li-<L,<V 

with boundary homomorphism dg is defined by deleting single entries of the s-flag Lq < Li < ■ ■ ■ < Lg and 
applying Ht{V/Lf)) Ht{V/Li) in case of deletion of the first entry. This chain complex is trivial in degrees 
> r — 1 so that the spectral sequence (4.3) is concentrated in the vertical band < s < r — 1. 



+1 
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Take r = 2 and p — 2 and consider the category C'[^'^-' where V is the Klein 4-group. The objects of 
Oy'^^ are the identity subgroup, {0}, and three subgroups, ii, L2, and L3, of order 2. The category Oy'^'' 



IS 



V/Li 



V/L2 




V/L. 

L3 



V/L 




V/L3 



{0} 



C = 



r 


2 


2 







2 














2 





Vo 








2/ 



= (1/4,1/4,1/4,1/4) - 1 



with composition induced from addition in the abehan group V. The first quadrant spectral sequence (4.3) 
is concentrated on the two vertical lines s = and s = 1 so that all differentials are trivial. The groups 
Eq^ = and Ef^ — E^ are the homology groups of the normalized simplicial replacement chain complex 

• • • ^ ^ HtiV/0) e Htly/Li) ® Ht{V/L2) ® HtiV/Ls) ^ Ht{V/Q) Ht{V/Q) ® Ht{V/Q) ^ 
concentrated in degrees and 1. Since Ht{V/Q) has dimension t + 1, Ht{V/Li), i — l, 2,3, is 1-dimensional, 
the term E^f has dimension at least 2t — 1, and consequently dimpa Ht+i{Oy'^^ ; F2) > 2t — 1 for all degrees 
t>l. 

The above argument is easily seen to work for any prime p and we conclude that dimpp Ht+i{Oy'^^ ; Fp) > 
pt — 1 for all degrees t > 1 when the rank r = 2. Thus Oy'^'' is noncontractible when V has rank r = 2. 

Here are few remarks about the spectral sequence (4.3) for arbitrary prime p and rank r > 2. When t = 0, 

y'^'' is contractible. When t > 0, we 
except for s = r — 1. We have not been able to 



H,{S^y'^^;Fp), so that E^^ = Fp and E^g = for s > 0, as 5, 

2 

St 



conjecture, based on computer calculations, that E 
prove this conjecture. 



5. Brown posets and transporter categories 
Let G be a finite group of order divisible by p and Sq the poset of p-subgroups of G. The Brown poset 

(1 G] 

for G is the subposet Sq = Sq ' of nonidentity p-subgroups of G. The results of this section are not new. 



*+rad 



^ S*Q, S: 



-•sfc+rad 



Sq'^, and S, 



■ +cab 



Sq are homotopy 



Theorem 5.1. [1] [16] The inclusions and Sq 
equivalences. 

Proof. The two expressions, from [11, Theorem 1.3.(1)] and Theorem 2.6, for the weighting for Sq, 

~x{S*o^iH)) = fcf = ~x{h//s*q) 

show that the categories H/ /Sq and S^ ^^^^ have identical Euler characteristics. Indeed, for any nonidentity 
p-subgroup H of G, there are functors 



H/S*Q 



'S 



H//S, 



'S 



given by Krn ~ Nk{H)/H for all p-supergroups K of H and Kin = K when K = K/H and H < K < 
Nq{H) ([16, Lemma 6.1]). The composite functor ih^h is the identity of Sq ^^-^ and there is a natural 
transformation from KrniH = Nk{H) to the identity functor of H/Sq. This shows that these functors are 
homotopy equivalences of categories. By property (1.8), 

supp(.//5^) = {He Oh{S*Q) I S^^i^Hj is noncontractible} C {H e Oh{S^) \ H is G-radical} Oh{S^+''"^) 

and Bouc's Theorem 3.3 shows that the inclusion of S'^'^^'^ into Sq is a homotopy equivalence. 

Since any p-supergroup of a G-selfcentralizing p-subgroup is itself G-selfcentralizing, H/ /Sq'^ — H/ /Sq 
for any G-selfcentralizing p-subgroup H of G. By property (1.8) 



and the inclusion of ^g^^+sfc 



supp(.//5f ) C 0b(5jf^+-'^) 
into Sq"^ is a homotopy equivalence by Bouc's Theorem 3.3. 



10 



MATTHEW GELVIN AND JESPER M. M0LLER 



The two expressions, from [11, Theorem 1.1.(1)] and Theorem 2.6, for the coweighting for Sq 

show that the categories Sq//K and s'"j^'^^ have identical Euler characteristics. Indeed, they are identical! 
By Lemma 4.1.(b), 

supp(5g//») = {fc e OhiSa) \ K is elementary abehan} = Oh{S*(^'''''°) 

and Bouc's Theorem 3.3 shows that the inclusion of 5^^°^*^ into Sq is a homotopy equivalence. □ 

Example 5.2. If G = C2 x S3 and p = 2, then Sq^ is a discrete poset consisting of the 3 Sylow 2-subgroups, 
while Sq is contractible since O2G — C2 is nontrivial. Thus the inclusion Sq"^ — Sq is not a homotopy 
equivalence. 

The following proposition points out that the largest normal p-subgroup is the smallest G-radical p- 
subgroup. It implies that the poset 5^^'^"^ has a least element in case OpG is nontrivial. (We thank Andy 
Chermak for the proof.) 

Proposition 5.3. Any G-radical p-subgroup of G contains the G-radical p- subgroup OpG. 

Proof. It is clear that OpG is a normal G-radical p-subgroup. Let iJ be a p-subgroup of G not containing 
OpG. The normalizer of H in the p-subgroup {OpG)H is normal in Nq{H) for any element of G normalizing 
H normalizes {OpG)H. Since N(^Oj,g)h{H) is a normal p-subgroup of Nq{H) strictly larger than H , the 
p-subgroup H is not G-radical. □ 



Let Tq be the transporter category of p-subgroups of G. 

Proposition 5.4. The inclusions and T^+i-^d ^ 7^, ^ j-gc^ -^+cab ^ j-* homotopy 

equivalences. 

Proof. The two expressions, from [11, Theorem 1.3.(2)] and Theorem 2.6, for the weighting on [7^], 

-xiS*a^(H)) ,jH] _ -X{H//TS) 



k: 



ITQm ir] \rQm 

lead to homotopy equivalences H/ /Tq — S^ ^^^^ for any object H oi Tq. Property 1.8 and Bouc's Theo- 
rem 3.3 now imply that the inclusion functors 72+'^<^ -j-sfc+iad ^ -j-sfc ^^.^ homotopy equivalences. 

The two expressions, from [11, Theorem 1.1.(2)] and Lemma 4.1. (a) together with Theorem 2.6, for the 
coweighting on [7^], 

'XiS^K^"^) ^ , [T] ^ -xiTS//K) 
mK)\ [^-1 \Tq{K)\ 

AUK) 



lead to homotopy equivalence Tq//K ~ Sj^' for any object K of Tq. Lemma 4.1.(b) and Bouc's Theo- 

7-*+cab ^* 
'G ^ 'G 



rem 3.3 now imply that the inclusion functor ^ Tq is a homotopy equivalence. □ 



Suppose that C is a small category and X,Y : C — >■ CAT are functors with values in the category CAT 
of small categories. If there is a natural transformation from X to Y with components X{c) — >■ Y{c), 
c £ Ob(C), that are all homotopy equivalences, then the induced functor X ^ J^Yoi Grothendieck 

constructions is a homotopy equivalence. This follows from Thomason's homotopy colimit theorem [19] and 
homotopy invariance of the homotopy colimit [2, Ch. XII, §4, Homotopy Lemma 4.2]. As the inclusions of 
Theorem 5.1 are G-equivariant inclusions of G-categories and Tq = {Sq)iig Gtc we obtain an alternative proof 
of Proposition 5.4. Similarly, if OpG is nontrivial, there is a homotopy equivalence G 7^+'^^ induced 
from the G-equivariant homotopy equivalence * ^ 

^*^+rad Proposition 5.3. 
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6. Frobenius categories 

Let P be a finite p-group and T a Frobenius P-category. 
FACTS : 

• All morphisms in J- are monomorphisms 

• The categories F* / K and F* / / K are thin 

• The coweighting for J-* vanishes oflt the elementary abelian subgroups [11, Theorem 7.5] 
A category is thin if there is at most one morphism between any two objects. 

Proposition 6.1. The inclusion — >. J^* is a homotopy equivalence. 

Proof. The two expressions, from [11, Theorem 7.5] and from Lemma 4.1. (a) together with Theorem 2.6, for 
the coweighting on [F*], 

\F*{K)\ [^1 \F*{K)\ 
show that S^'^^ and T*//K have identical Euler characteristics. And indeed, there are functors 

in iK 

The functor tk takes tp E J-*{H,K) to its image H'^ in K. The functor iK takes H < K to the inclusion 
H ^ K of H into K. Obviously, iK^K is the identity functor of 5^^'^', and there is a natural transformation 
from the identity functor to the endofunctor {H ^ K)rKiK — {H"^ ^ K) of T* jK. This shows that tk 
and iK are homotopy equivalences between T* jK and S^^'^^ . Their restrictions are homotopy equivalences 
between T* j jK and By Lemma 4.1.(b), 

supp(J-7/.) = Ob(J-*+'=^'^) 
and Bouc's Theorem 3.3 shows that the inclusion of j^*+oab -^^^ jr* jg homotopy equivalence. □ 

In the course of the proof of Proposition 6.1 we saw that the homotopy type of the category F* / / K of 
J^*-nonisomorphisms to K depends only on K, not on J- . 

We know of no formula for the weighting of a general Frobenius category J- . Even though there is an 
explicit formula in [11, Theorem 1.3.(3)] for the weighting of the Frobenius category Tq associated to a finite 
group G, we have not been able to determine the support of this weighting or describe the categories H / / J-q. 

7. Orbit categories 

Let G be a finite group of order divisible by p and Oq the orbit category of p-subgroups of G. 
FACTS : 

• The trivial subgroup is not initial in Oq 

• All morphisms in Oq arc epimorphisms 

• The categories H/0*q and H/ /0*q are thin 

• The weighting for Oq vanishes off the G-radical p-subgroups of G [11, Proposition 3.14] 

• The coweighting for Oq vanishes off the cyclic p-subgroups [11, Theorem 4.1] 

Theorem 7.1. The inclusions Og"^ ^ O^, 0*^+'^'"^ ^ O'^, anrf 0^^'=+''^^ Of" are homotopy equivalences. 
Proof. The two expressions, from [11, Equation (3.15)] and Theorem 2.6, for the weighting for [Oq] 

\Oq{H)\ \OQiH)\ 
show that and H/ /Oq have identical Eulcr characteristics. Indeed, for any nonidentity p-subgroup 

H of G, there are functors 

rn : H/Oq S^^^^y : H//Oq ^ S*^^^^) 

The functor rn takes gK e Oq^H, K) = Ng{H, K)/K to the subgroup N,k{H)/H of Oq{H) ^ Ng{H)/H. 
Let L be ap-subgroup such that H < L < Ng{H) and let L = L/Hhe the image of L in Ng{H)/H = Oq{H). 
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The category L/rn is the full subcategory of Oq/H generated by all morphisms gK e Oq{H, K) such that 
L < NgK{H). The inclusion of H into L is an object of L/rH as L = Nl{H). Note that the morphism 
gK: H ^ K extends to a morphism gK: K because < Nbk{HY = Nk{H3) < K. There is thus a 
morphism 



H 




L ^K 

gK 



in L/th- This shows that the inclusion ^ L is an initial object of L/th- By Quillen's Theorem A 
(Theorem 3.1), the functor rn is a homotopy equivalence from H/Oq to The same argument shows 

that Tfj restricts to a homotopy equivalence from H/ /Oq to 5^ j.^^. By property (1-8), 

supp(.//Og) C Ob(O^-'i) 

and Bouc's Theorem 3.3 shows that the inclusion of Og"^ into Oq is a homotopy equivalence. 

Since and Of" are left ideals in Bj lO}. = Bj jO^ and Hj jO^^ = -^Z/Cg ^r any nonidcntity, 
respectively, G-selfcentralizing p-subgroup H of G. By property (1.8), 

supp(.//0&) C 0b(O^+-'i), supp(.//Og^) C Ohipt^^-^) 

and Bouc's Theorem 3.3 shows that the two inclusion functors O*^^'''"^ ^ Oq and ^ ^sfc g^^.^ 

homotopy equivalences. □ 



The two expressions, from [11, Theorem 4.1] and from Lemma 4.1. (a) together with Theorem 2.6, for the 
coweighting for [Oq], 

~X{0V) ^ JO] ^ -x{Og/Ik) 
\Oq{K)\ M \Oq{K)\ 

show that the categories O^^^^ and Oq/ / K have identical Euler characteristics for any object K of Oq. In 
fact, there are equivalences of categories 

iK-OK^ Oq/K, IK : O^^""^ ^ Oq//K 

On objects, Hik — ^K e Ng{H, K)/K — Oq{H, K), for any subgroup H of K. We observe that there is an 
obvious identification of morphism sets, 

Ok{HuH2) = iOQ/K){H,iK,H2iK) 

and we use this identification to define ix on morphism sets. By construction, ix is full and faithful, and as 
it is also essentially surjective on objects, ix is an equivalence of categories. Lemma 4.1.(c) tells us that 

ViK)^K/^K), 

only depends on the Frattini quotient V{K) of K. Therefore, 

supp(C'g//») = {K e Ob(Oe) | O^y'^f ''^ is noncontractible} 

and Bouc's Theorem 3.3 shows that the inclusion of the full subcategory of Oq generated by this support into 
Oq is a homotopy equivalence. However, it is not clear what p-subgroups of G are in the support. Certainly, 
all cyclic subgroups of G are in the support but there could very well be other subgroups as well. 

Example 7.2. When V = G2 x C2 is Klein's 4-group, O"^"" Oy is not an equivalence for O^J"" = o'^y^^ 
is not contractible (Example 4.2) while Oy is contractible (it has ^ as a terminal element). 
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Exterior quotients of Frobenius categories 



Let P be a nonidentity finite p-group, J- a Frobenius P-category, and J- the exterior quotient of J- [14, 
1.3, 2.6, 4.8]. 
FACTS : 

• Ail morphisms in T^'^'^ are epimorphisms [14, Corollary 4.9] 

• The categories H/T^^'^ are thin 

• The coweighting for vanishes off the elementary abelian subgroups 

• The weighting for F^^'^ vanishes off the J^-radical subgroups 

• F* and F* have identical coweightings 

Theorem 8.1. The inclusions J^'^f^+rad ^ jrsfc ji7*+cab ^ -p* homotopy equivalences. 
Proof. The two expressions, from [11, Proposition 8.5] and Theorem 2.6, for the weighting for [J^''^'^], 



show that the strict under-category H/ /Fq"^ and the poset 5*-^^ have identical Euler characteristic for 

any object H of H/F^^'^ . In fact, they homotopy equivalent. 

Let H be any J^-selfcentralizing object of F . We claim that there are homotopy equivalences 



•2) 



TH : H/F ^ 5^^^, , TH : H//F ^ S*^^^^ 



There is no restriction in also assuming that H is fully normalized in F . The functor th takes the object 
^pFji{K) e F{H, K) = F{H, K)IFk(K) of BIF to rjj(¥j) = f'Fji^H'f). Note that this is well-defined even 
though Lp is only defined up to conjugacy in K. The group 

^k{H'^) = Ck{H'^)\Nk{H'^)/H'^ = Z{H'^)\NK{Hf)/H'^ = NK{H'^)/Hf 
and the isomorphic group rH{fFj^{K)) = '^Fj^{H''^) are related by the commutative diagram 



It is clear that is indeed a p-subgroup of F{H) and that rni'^i) < rH{f2) whenever there is a 

J^-morphism 

H 



Ki 

under H. Thus rn is a functor. We now want to use Quillen's Theorem A to show that rn is an equivalence 
of categories. 

Let L be a p-subgroup of F{H) = F{H)/Fjj{H). We may assume that L is contained in the Sylow p- 
subgroup Fp{H) — Np{H)/H of F{H). There is a unique p-subgroup L g [P, Np{H)] such that L — L/H. 
The category L/r^ is the full subcategory of H/F generated by all objects ifFj^{K) E F{H,K) such that 
< ^xiH"^) = Nk{H'^)/H'^, or, equivalently, P^ < NxiB'^). Here is an attempt 



H 



L/H 



H 
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to visualize this relation. The inclusion : H ^ L oi H into L represents a morphism in T{H, L) and an 
object of L/th because L is contained in rH{L^J^j^{L)) ~ Nl{H)/H = L/H — L. By Lemma 8.3 there is an 
extension in of : H ^ K 

H 





L >-K 

to a morphism L ^ K. We have now shown that l^Fj^{L) is an initial object of L/th for any object L of 
S~. .. According to Quillen's Theorem A (Theorem 3.1), th is a homotopy equivalence of categories. 

Since the functor takes nonisomorphisms (pJ^j^{K) e -FiH, K) C Oh{H/F) to nonidentity p-subgroups 
of T{H), it restricts to a functor rjj : H/ /T — ?> S*~ of H/ /T into the Brown poset of the automorphism 

group of H. But since L/th is contractible for any nonidentity p-subgroup L of J-{H), we already know that 
the restricted functor is a homotopy equivalence of categories. By property (1.9), 

supp(.//^"f") C Oh[r^^+'^^) 
and Bouc's Theorem 3.3 shows that the inclusion of J^'^fc+'^ad -^^^^ jrsfc jg homotopy equivalence. 

The two expressions, from [11, Theorem 7.7] and from Lemma 4.1. (a) together with Theorem 2.6, for the 
coweighting for [F*], 

-X(-?^''''^) _ _ -X{?*/IK) 



\F*{K)\ ''[^l \F*{K)\ 

show that F^j^'^^ and F* / / K have identical Euler characteristics for any object K of F* . In fact, there are 
equivalences of categories 

^ iK : F^k'""^ ^ F*/K, iK : P^'''^ ^ F*//K 

On objects, Hik = l^K E F* {H, K), the class of the inclusion E F* {H, K) of H into if, for any subgroup 
H of K. Observe that there is an obvious identification of morphism sets 

F*k{H^,H2) - {F*/K){H^ik,H21k) 

which defines the effect of the functor i/f on morphism sets in F'^. The functor rn is a full and faithful 
functor by construction. It is also easily seen to be essentially surjective on objects. Thus ik is an equivalence 
of categories. This applies to both above versions of i^. 
By Lemma 4.1.(d), 

supp(j'7/.) = Ob(j'*+'=^'') 
and Bouc's Theorem 3.3 shows that the inclusion of j^*+'=ab Jj-^^q jt* jg ^ homotopy equivalence. □ 

Lemma 8.3. Let H, N, and K he objects of F such that H is F -self centralizing and H < N < Np{H). An 
F -morphism ip: H ^ K extends to an F -morphism ip: N ^ K if and only if Fj^{H)'^ < Fj^{H^). 

Proof. Since H is J^-selfcentralizing, the same is true of H"^ and thus H'^ is fully centralized in F [14, 4.8]. By 
the Extension Axiom for Frobenius P-categories, (p: H K extends to a morphism p: N ^ P [14, 2.10.1]. 
We claim that {x)p E K for all x E N . By assumption, there is some y E K such that conjugation with {x)p 
and with y has the same effect on H'f. This means that {x)py''^ E Cp{Hf) < Z{H'f) < H'^ < K, and thus 
{x)p E K. The corestriction -0 = K\p: N ^ K oi : N ^ P extends (p: H ^ K. □ 

Consequently, 

F{N,K) = F{H,K)^^^"^ 
under the assumptions of Lemma 8.3. (This is a reformulation of [6, Proposition 2.4]). 

Proof of Corollary 1.4. This corollary follows immediately from the commutative diagram 

F* ^F* 

A A 

J ~ ^ 
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where the vertical morphisms are homotopy equivalences. □ 

9. Linking categories 

Let L^^"^ be the centric linking system associated to a Frobenius P-category [4, Definition 1.7]. 
FACTS : 

• All morphisms in C^^"^ are monomorphisms and epimorphisms [14, Proposition 24.2] 

• The weighting for C^^'^ vanishes off the J^-radical subgroups [11, Proposition 8.5] 

Theorem 9.1. The inclusion functor £sfc+rad _^ £sfc ^ homotopy equivalence. 

Proof. Let _ff be a J^-selfcentralizing object of J-. The functor tt: C^^'^ J-^^'^ is bijective on objects and 
\K\-to-l for on morphism sets C^^^H, K) :F''^'={H, K) with codomain K £ Ob(J"''f'=). K = Cj^{K) < C{K) 
acts freely from the right on C{H,K) with quotient C^''{H,K)IK ~ r'^''{H,K) [4, Lemma 1.10]. This 
implies that if Lpi S C{H, Xi), € C{H, K2), and the commutative J^-diagram to the right has a solution 

H 

Ki >'K2 Ki >■ 

then the commutative >C-diagram to the left has a unique solution [4, Lemma 1.10]. Consider the functor 

induced by the functor tt: C^^'^ J^^^^. The above considerations mean that any ip E C{H, K) C Ob(iJ/£) is 
initial in the category {if)Ti / H /tt. By Quillen's Theorem A (Theorem 3.1), iZ/vr is a homotopy equivalence. 

Restricting to the nonisomorphisms we get a homotopy equivalence H/ /n: H/ /C — > H/ /jF. Compose 
these homotopy equivalences with the homotopy equivalences of (8.2) to get homotopy equivalences 

(9.2) H/C^'^^S^^^^^ H//C^^^^St^^^ 

By property (1.9), 

supp(.///:"f'=) C Oh{C'''=+'^'^) 
and Bouc's Theorem 3.3 shows that the inclusion of £sfc+rad ^^^^ £sfc ^ homotopy equivalence. □ 

The proof of the next proposition is similar to that of Proposition 6.1. 

Proposition 9.3. The inclusion C*(^''''^ £^ is a homotopy equivalence. 

Proof. The two expressions, from [11, Theorem 1.1.(2)], and Lemma 4.1. (a) and Theorem 2.6, for the 
coweighting for [£q] 



\CUK)\ \Ch{K)\ 

show that S^'^^ and Cq//K have identical Euler characteristics for any object K of Cq. In fact they are 
homotopy equivalent as we see in much the same way as in the proof of Proposition 6.1. The proof now 
follows from Bouc's Theorem 3.3 because supp(/:^//X) C Ob(£^+°'''') by Lemma 4.1. (b). □ 
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